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Tactics
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Tactics and tacticalsPrograms that represent and execute
several steps of deduction

System-level constructs built with a separate language

Coq, NuPRL, Isabelle all haveiring-complete programmir
languages

Higherorder logic programming languages with backtrac
[Appel & Felty, 2004]

The price [Delahaye, 2000]:
o User has to learn two languages

o Developer has to create a separate infrastructure



More Problems
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o [nhibits 3exibility in proof representation

o EXxplicit statement of proof steps vs. representationr
with a tactic

o Writing a proof on paper: G3se congruence and
transitivity to replace with b. We perform a similar
substitution for the rest of the variables on the left.t



The Big Picture
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o Formal representation vs. system-level representa
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o [Kozen & Ramanarayanan 2005]
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o [Aboul-Hosn & Damh¢ Andersen, 2005]
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The Big Picture
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Why the System Level?
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o Proof search

o Powerful tools for automatic proof generation

/ Representation
Tactic > Relationship tolheorems

\ & J

Proof Search

PRSI



Goals
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o Represent tactics at the same formal level as theo
and proofs

o Be able to translate easily from tactics to the proof
steps they represent

o Represent tactics independently of search techniq
and algorithms



A Motlvatlng Example
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Consider a Boolean algeb{&, !, ", A, O, 1)
with axioms of equality:
ref . VX, X=X
sym © VX,y. X=Yy — y=X
trans . VX,y,Z. X=VyY —- y=Z — X=1Z
cong, . VX,Y¥,Z. X=Y — (ZAX) = (zZAY)
cong. . VX,y,Z. X=Vy — (zVX)=(zVy)
conga . VX,¥,Z. X=y — Ax= Ay
idemp, © VX. XAX =X

Theorem 1l: Va. aNalNa =a



A Motlvatlng Example
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Theorem that followsVa. aAaAana= a
alalala = ala (Theorem1, cong )

ala = a (idemp )
alalala = a (trans)
From!a. a"..."a=a,cangetta. @a" " gy @\p a

n n-+1



Proof Representation
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o Based on publish/cite by Kozen & Ramanarayanar
o Universal Horn equational logic
o |ndividual variablesX = {x,y,...}
o FiIrst-order signature= {f,qg,...}
o Individual termssit,...
o An individual variable

o An expressiori t1...1h, f IS an n-ary function it
andt;...t, are individual variables

o Equationd,e,...between two terms, =t



Proof Representation
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o TheoremA universally guantibPed Horn formula

I X1, ..., Xm. 11 " 1o " aoa |
o * i : Equations (premises)
o ¥ : Equation (conclusion)
o X1,...,Xm . Free variables
o Arbitrary specialization through term substitution
o VX,Y,Z. X=Y — XAZ=VYANZ
with substitution X/a,y/b,z/¥

becomesa=b! a"z=Db"z



ProofTerm

mmwmfﬂf%"'“m‘ﬂﬂ&t!l-n-aﬁ-bih___,ihiqg-.!.-h.a 0 e ot it "'.liﬂll? s ik 'I_' - Lo Zreliies

@)

0]

A variablep
A constant: name of a theorem
An application’ #, where" and#are proof terms

An application" t, where" Is a proof term antlis an
individual term

An abstractior$p.# wherep is a proof variable ant
IS a proof term

An abstractiorbx.#wherex is an individualvariable
and#is a proof term



ProofTerm
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o A case statementase! of =" {1 #;
:" n ! #n
$1! %
$m L 9%

o A formula variable X

o A formula abstractiont X."
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o Formula variable X

Formula Extensions

o Recursive formulaX.y

o Sum formula

{1

1

PRSI



Typing Rules
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Library
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o ApairL; T where
o £ Is the library of theorem3$, = !4,..., T, = '
oT Is a list of annotateproof tasksA ! I "

o Tactics are treated exactly as theorems



Proof Rules
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(assume)

(mp)

(di scharge)

(publi sh)

(cite)

(inst)

(norm )

, A1 "

Ap #rl n (ident)

, AFS$! "
, Ajp:ek1:"

T
T

T, AFS:# - " AF! #
T
T
T

, AF%.! e — "
T, H$:#

T =S:VX#: T
11T $#,L2,T

(forget)

LT =%:# Lo T, F$:#
T, AFWS: VXH#

AF (9%.$) t

(norm ,)

r|\.r-r r—|\r— r—\|\r— r—|\r |\ |\ |~

T
T, AFS$t:#[Xt]
T
T

AES[xit]: #

L. T

L; T, p:#Fp:#

L, T=%:#,Lo; T

L., Lo[T/ 9] ; T[T/ %]

L;T AF(%$)!

L; T AFS$[p/!]:#



Proof Rules
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(case) L; T, AApretFm:ip1 ... Ajprekm @ vn
L; T, FcaseX ofTfe=p,po=7.{X . =€+ ©}
(decase ) L; T, AFcasedof =po=m,Y=7:0 o= 0
L; T, Abmxm:d
(decase) L; T, AFCaseéOf:¢$W,¢:>TZ5 WK T = 6
L; T, AFR[XIt]:o
(Fold) L; T, AFmx[p/Apn]:pX.p
L; T, AFApa:uX.p
(unfol d) L; T, AFApa:uX.p
L; T, AFmx[p/Ap.a]:puX.p
(publi sh") . L PAMXPETQ = X
L,p= AXAp7m: VX X ; T
(forget,) L., T=m:p,Lo; T, AT 7.9
L., T=m:p,Lo; T, AbmT:9
(norm ) L; T AF(AX.1) ¢

L; T AFx[X/IY]:e



Rule Summaries
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o (assume), (ident), (mp), (inst), (normy), and
(discharge): task manipulation

o (publish), (cite), and(forget): Library/task interactior

o (case), (decase™), (decase), (fold), (unfold),
(publishr), (forget;): tactics



Tactic Rules
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o (case): Combine tasks into a case statement

o (decase): Unify against an equation and replace ca:
statement with the body of unibed case

o (decase™). Match case and replace case statement
body of matching statement

o (fold)/(unfold): Roll/unroll tactic once to make proo
less/more explicit

o (publishr): Add tactic to library

o (forgeti): Unroll tactic application once to make ste
explicit



Steps for Creatingactics
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1. Use(assume) and(ident) to add proof variable with
type of tactic

2. Create proof terms for cases of tactics using proo
variable from step 1 for recursive calls

3. Use(case) rule to combine terms created in step 2
INto singlecase statement

4. Use(publishr) rule to publish tactic



A Tactic Type
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ux .vx.vavy. X — {Y :x=Xx + xAa= a}

VNN

Recursively Cofnclus_mn FOHIT\S of
calls itself of tactic conclusion



Typmg and Search
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o Type system Pnds correct steps to apply in tactic

o Most of the work in Pnding proper caseciie
statement

o Search procedure needed to type terms
o Only element that needs implemented at system le

o Formalization and search are separate!



A Motlvatlng Example
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Consider a Boolean algeb{&, !, ", A, O, 1)
with axioms of equality:
ref . VX, X=X
sym © VX,y. X=Yy — y=X
trans . VX,y,Z. X=VyY —- y=Z — X=1Z
cong, . VX,Y¥,Z. X=Y — (ZAX) = (zZAY)
cong. . VX,y,Z. X=Vy — (zVX)=(zVy)
conga . VX,¥,Z. X=y — Ax= Ay
idemp, © VX. XAX =X

Tactic: uX.vx.vVavyY. X — {Y :x=Xx + xAa= a}



A Motlvatlng Example
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o Base case:
o Once trying to prove = X, use rel3exivity
o Use(cite), (inst), and(assume)
R:Ig!l ref X: X=X
o Recursive case:

o To provex! a=a |, recursively call tactic to pr¢
X = @, then usecong,, idemp,, and trans



A Motlvatlng Example
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o Using(cite), (inst), (assume), and(mp):
R:! zpkFtrans (xAa) (ana) a . XAa= a
(cong, x aa(R x a(x=a) R))
(idemp, a)

o Combine cases wititase), publish with(publishr):

R=Ix!alY.!R. case Y of
(X =Xx)! ref X
(x"a=a)! trans (x" a) (a" a) a
(congg xaa(Rxa(x=a R))
(idemp; a)



A Motlvatlng Example
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o Application:
I ROD"b6"b) b (0" b6"b"b=0) R:b"D"b"b=0

PRSI

o Use(forget;) and(norm) to make a step explicit:

| case(b" b" b" b= b) of D" b"b"b=1"L
(X = X)# refx
(x"a= a)# trans (x" a) (a" a) a
(cong xaa(Rxa((x=a)R))

(idemp a)
o Use(decase) to replace case statement
| trans (b"b"b"'b) (b"b) b b'b'b'b=k

(cong (b" b"b)bb
(R (b"b)b(b"b"b=Db) R))
(idemp D)




Conclusions
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o Presented proof-theoretic approach treating theore
and tactics at the same formal level

o Creation of tactics Is independent of search stratec
and system-level considerations

o Can be combined with [Aboul-Hosn & Damhy¢,)
Andersen 2005] to give scope to tactics

o Discover repeated citations and make them tactics
proof refactorization



